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Fig.4. Noise figure ofa SiIMPAIT-diode amplifier with asmd-signd~inof
20 dB calculated from the noise equivalent circuit.

figure at frequencies above the frequency of maximum negative con-

ductance.

CONCLUSIONS

It has been shown that a five lumped-element frequency-inde-

pendent equivalent circuit can be constructed for lMPATT diodes. It

has a driving-point impedance approximately equal to the small-

signal impedance of the diode over the frequency range of interest

in IMPATT-diode applications. The small-signal noise voltage across

the diode can be calculated by incorporating two correlated noise

sources in the equivalent circuit which are also frequency-inde-

pendent. The equivalent circuit elements can be calculated by one of
the following methods: 1) numerical determination to fit experi-

mentally measured small-signal impedance (and noise voltage), 2)

numerical determination to fit the small-signal impedance (and noise

voltage) calculated from an accurate small-signal analysis, and 3)

calculation from simple algebraic expressions given here in terms of
Read-diode approximation. Frequency dependence of the noise
figure of a small-signal IMPATT amplifier has been calculated to illus-

trate the application of the proposed equivalent circuit.

REFERENCES

[1] H. A. Haus, H. Stat., and R. A. Pucel, ‘Optimum noise measure of IMPATT
d&ds:6:,IEEE Tram. Microwave Theory Tech., vol. MTT-19, pp. 801–813,

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

---- . . . ..
H. Johnson and B. B. Robinson, “Amplitude fluctuations of a Read diode
oscillator, ” Proc. IEEE (Special Issue o% Micyocuave .%frticowdtsctot’s) (Lett.),
VOl. 59, PP. 1272–1273, Aug. 1971.
W. T. Read, Jr., “A proposed high-frequency negative-resistance diode, ” Bell
Syst. Tech. J,, vol. 37, PP. 401-446, Mar. 1958.
M. Gllden and M. E, Hines, “Electronic tuning effects in the Read microwave
avalanche diode, n IEEE TYans. Elect~on Dewces (SOectal Issue on Semiconduc-
tor Bulk-Effect and Transd-Ttme Dewces), vol. ED-13, pp. 169-175, Jan. 1966.
S. T. Fisher, “Small-signal impedance of avalanching junctions with unequal
electron and hole ionization rates and drift velocities, ” IEEE Trans. Electron
Devices, vol. ED-14, PP. 313-322 Tllne 1967-, --------- .:

!, “A small-signal theory of avalanche noise inH. K, Gummel and J, L. Blue,
I M PATT diodes, n IEEE Tram. Electron Devices (Second Sjecid Issue on
Semiconductor Btdk Effect and Trarzsit-T{me Devices), vol. ED-14, pp. 569-580,
c-..+ 1o&7
-k,.. .. ”,,

C. N, Dunn and J, E. DaUey, ‘Computer-aided small-signal characterization
of IMPATT diodes, ” IEEE Trans. Microwave Thewy Tech., vol. MTT-17,
pp. 691-695, Sept. 1969.
J. W. Gewzrtowski and J. E. Morris, “Active IMPATT diode parameters
obtained by computer reduction of experimental data, ” IEEE Trans. Micro-
wave Theory Teck., vol. MTT-18, PP. 157–161, Mar. 1970.
C. Wiinsche, “Measurement of the small- and large-signal-admittance of ATT-
diodes and the evaluation of a useful equiwilent circuit of the oscillator, ” in
Pvoc. Eighth Int. Conf. Microwave and Ofiticai Generation and A ?r@jkation
(Amsterdam, Netherlands), Sept. 1970,
D. H, Steinbrecher and D. F. Peterson, “Small-signal model with frequency-
independent elements for the avalanche region of a microwave negative-
~?W~$w& diode,” IEEE Trans. Etectr’o% Devices, vol. ED-17, pp. 88%891,
. . .. .. .. .

[11] W. E. Schroeder and G. I. Haddad, “Nonlinear properties of IMPATT de-
vices, ” Proc. IEEE, vol. 61, pp. 153–182, Feb. 1973.

[12] R. Hulin, M. Classen, and W. Harth, “Circuit representation of avalanche
region of IMPATT diodes for different carrier velocities and ionization rates
of electrons and holes. ” Electron. Left., vol. 6, pp. S49–S50, Dec. 31, 1970.

[13] M. E. Hines, “Noise theory for the Read type avalanche diode, ” IEEE Trans.
Electron Devices (S fiecial Issue on Semiconductor. Bulk-Effect awd Transd-Time
Devices), vol. ED-13, pp. 15a-1 63, Jan. 1966.

[14] R. H. Haitz and F. W. Voltmer, “Noise of a self-sustaining avalanche discharge
in silicon: Studies at microwave frequencies, ” J. Ap~l. Phys., vol. 39, pp.
3379-3384, June 1968.

[15] A. van der Ziel, ‘Representation of noise in linear two-ports, ” Proc. IEEE
(Sfiecdal Issue on To@side Sounding and the Ionos$htwe) (Lett.), vol. 57, p. 1211,
T,,-,, *060.u.~- 1 .”..

[16] R. H. Haitz, “Noise of a self-sustaining avalanche discharge in silicon: Low
frequency noise studies, ” J. AP@ Phys., vol. 38, pp. 2935-2946, June 1968.

Finite-Boundary Corrections to the Coplanar

Waveguide Analysis

M. E. DAVIS, E. W. WILLIAMS, AND A. C. CELESTINI

Abstracf—Conformal mapping calculations of impedance and
effective dielectric constant are presented for coplanar waveguide

(CPW) lines with finite-substrate thickness. These calculations and

experimental data show a departure from the intinite dielectric

approximation as the substrate thickness approaches the guide slot
width. The quasi-TEM approximation is retained and calculations

of static energy density within the substrate are given. This ap-

proximation agrees well with field calculations using a finite-element

solution to Laplace’s equation.

INTRODUCTION

Calculations of wave impedance and effective dielectric constant

of the coplanar waveguide (CPW) structure have assumed that the
substrate was infinite in extent [1]. This allowed a simple conformal

mapping transformation of the field patterns, using complete elliptic

integrals, into a homogeneous rectangular configuration. A few in-

vestigations bore out the assumption that a finite substrate would

not affect the wave propagation for simple waveguide structures [2],

[3], but no extended circuitry has been reported that gives quantita-

tive support of these assumptions. In fact, recent investigations into

the CPW show marked deviation from the idealized model under
some common experimental conditions [4].

As a result, a detailed calculation of the wave impedance has

been carried out, still within the zeroth-order approximation of a
quasi-TEM structure. By using the familiar Schwarz–Christoffel

transformation of the waveguide shown in Fig. 1, the lower half of

the Z plane is mapped into the rectangle in the W plane. The trans-

formation characterizing thk mapping k [1]

dw A

z = (22 – @)l/2(z2 – b,z)lm
(1)

where A is a constant to be evaluated. The boundaries of the y = O
line can be determined in the W plane upon integration

61 A dz

w = a +~~ = .rO (22 _ @)l/2(z2 _ ~12)1/2 “
(2)

The above equation is one form of an elliptic integral. The ratio a/b

can be conveniently expressed in terms of tabulated complete elliptic

integrals.

a K(k)
—=
b K’(k)

(3)

where k =aJbl, K’(k) =K(k’), and k’ = (1 —k2)1J2.
This is the point at which most analyses stop. By assuming a

semi-infinite dielectric, in parallel with a half-space of air, the equiv-

alent static capacitance per unit length for a pure TEM mode propa-
gating in the line is

c = (% + 1)60 y = 2(., + 1)60 ~kl .
K’(k)

(4)

This analysis can be extended to the case of finite-substrate thick-

ness by mapping the substrate bottom into the W plane. This will

appear approximately as an ellipse in the rectangle, as shown in

Fig. 1. The mapping of complex arguments in elliptic functions is

reasonably straightforward [5]. Equation (2) can be rewritten in the

descriptive form

w = F(o, k) = f,+ (1 + k~sinz 6) (5)

where F(o, k) k an incomplete elliptic integral of the first kind with

amplitude @ and modulus k. In our case z =sin @ Since we can choose

the constant A arbitrarily without affecting generality, it is given a
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Fig. 1. Conformal mapping of CP W with finite substrate into W plane.

particular value to normalize values of z to al. When we evaluate the
axis y =jt in the transformation, z is complex and we separate

F(@, k) into real and imaginary parts:

where z =sin (@+j@), m =kz, ml = (1 —m), and a and @are amplitudes
to be evaluated. From [5] we see cotz a is the positive root of the

equation

and ~ is found from

m tanz (3 == tanz + cot2 a – 1. (7b)

Now, since for our mapping

z = x+jy= sin(g4+j0) (8)

we obtain, after some trigonometric manipulation, relations between

(0, d) and the known quantities (x, y)

sin c) = x/cosh o

cos @ = yjsinh 6.

On substituting into (7a) and (7b) we obtain the necessary values

of a and & Numerical values for the incomplete elliptic integrals

were computed using the method of arithmetic–geometric mean [5],
Equation (6) was then solved for the air-dielectric boundary at

various values of shape ratio k = aJbl, and for thicknesses of one, two,
and three times the slot width (bl — al). The equivalent dielectric
constant was then numerically calculated using this “void” in the
mapping as a distributed shunt–series capacitance in the conformal
mapping [6]. Fig. 2 shows the effective dielectric constant calculated
in this way for e,= 10 and c, = 120. Using this, the characteristic im-

pedance of the lines was calculated as a function of substrate thick-
ness for several dielectric constants. These results are shown in Fig. 3.
Good quantitative agreement with Wen’s infinite-substrate calcu-

Fig. 3,
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Characteristic impedance corrections due to finite-substrate thickness,

lations [1] is shown for thicknesses greater than twice the slot width
(bI–a,).

A measure of the ability of the CPW to guide the microwave

signal within the desired circuits is the percentage of energy inside
the dielectric, For a dielectric constant c,= 10 the static approxima-
tion predicts 91 percent of the energy will be contained in the di-
electric. Table I compares the energy density, characteristic im-

pedance, and relative phase velocity predicted by the conformal
mapping calculations, to a direct calculation using a finite-element
solution to the Laplace equation [7]. As is apparent from both cal-

culations, there is a rapid increase in amount of energy contained
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TABLE I

C.iLC[TL.iTION (JI. (;PW TRANSMISSION? LINE’

E
Infln,te

Substrate

ApprOXlmatlOn

Relative
Phase Vel. 0.43

‘ph

character~stlc
Impedance, Z.

51.4

Percent of
Energy m I 91.1
Substrate

Chlckness= (b, -a, ) I Thickne*s=3 (b, ‘a,

6 Characteristics for cr = 10. (ai/b~ =0.5.)

wsubstrate Element Substrate

0.48 10.50 I 0.43

57.7 58.5 52.4

below the dielectric boundary as the slot-width to substrate-thickness
ratio decreases.

MEASUREMENTS

A number of CPW lines were fabricated on alumina substrates,
The line impedances were measured on an Hp 1815B time-domain

reflectometer with a28-ps rise-time pulse. These results are the solid

data points shown on Fig, 3 for the lines designed for 50 ‘J from

Wen’s evaluation (a,/b, =O.5). Theother data points were obtained

by McDade [4]. As can be seen, good qualitative results were ob-

tained. Itw~quite necessary, however, inm&ing the measurements

to assure that the substrates were suitably suspended in air, since
any metal ground planes affected the impedance measurements,
These results were substantiated by McDade [4] who fabricated

similar circuits both with and without ground planes. Those circuits

with ground planes showed a marked preference for microstrip modes
and impedance levels as opposed to CPW.

CONCLUSIONS

The effects of finite-substrate thickness onthe characteristics of

CPW are important in designing circuits where close control of the

transmission-line impedance is needed. It is shown that deviation

from the results of aninfinite dielectric can approach l@15 percent

for substrates whose thicknesses are less than two times the gap

width. These calculations were all made using a static TEM approxi-
mation and further corrections would be present if dispersion were

. .
~
:lement
.Leld
~

0.44

53.0

90.0

considered. Finally, the circuits fabricated showed a pronounced

tendency to be affected by external metallic walls, which would be

a highly undesirable effect if use of these transmission lines as micro-

wave integrated circuits is anticipated.
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Letters

Analysis of Microwave Circuit for Characterization

of Negative-Conductance Devices by Transients

K. TOM IZAWA, T. HARIU, AND H. HARTNAGEL

Absfracf—The assumptions required for the transient method of

measuring Gunn-diode conductance are shown to be valid if either

the diode susceptance or the characteristic admittance of the

Manuscript received March 26, 1973; revised May 7, 1973.
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resonator transmission line are larger than the modulus of the nega-
tive conductance of the device.

A method for measuring the negative conductance of Gunn diodes
from the envelope of the transient amplitude of oscillations was re-

ported recently [1], [2]. This new method is useful since the measure-
ment of the diode conductance has been possible so far, in those cases

where either devices can be stabilized by heavy loading or where a
reasonably correct load impedance of oscillating diodes can be

measured separately, when only the steady-state conductance is

obtained.
The conductance measurement by transient recording depends

on the assumptions that the ratio of the voltage across the diode


